On the 3-class field tower of some biquadratic fields by Eiji Yoshida (Nagoya) 1. Introduction. Let K be an algebraic number field. For a prime number p, let K (0) = K and K (i) denote the Hilbert p-class field of K (i−1) for i ≥ 1. Then we have the tower of fields
We call this tower the p-class field tower of K. We say that K has a finite (resp. an infinite) p-class field tower if |K (∞) : K| < ∞ (resp. |K (∞) : K| = ∞). Golod and Shafarevich (cf. [3] ) proved that there exist algebraic number fields which possess infinite class field towers. In particular, if K is a real quadratic field, they have shown that K has an infinite 2-class field tower if the 2-rank of the ideal class group of K is greater than 5.
In this paper, we shall consider a number field with abelian p-class field towers (i.e. K (1) = K (2) ). Hajir [5] has given all imaginary quadratic fields with abelian class field towers and Benjamin, Lemmermeyer and Snyder [1] have determined all real quadratic number fields with abelian 2-class field towers. Here we shall give a necessary and sufficient condition for the 3-class field tower of K to terminate at K (1) , when K is a biquadratic field which contains √ −3. 1.1. Notation. Throughout this paper, Z, Q, N will be used in the usual sense. If L is an algebraic number field, let L (1) and Cl L be the Hilbert 3-class field over L and the 3-class group (the 3-primary part of the ideal class group) of L, and h L be the order of Cl L . Let E L , O L be the group of units and the ring of integers of L respectively. If L is a Galois extension of an algebraic number field F , then Gal(L/F ) is the Galois group for L/F . Let K/Q be a complex biquadratic extension and k i be the three quadratic subfields of K. If two quadratic subfields have cyclic 3-class groups and the third one has trivial 3-class group, we denote these fields by k 1 , k 2 and k 3 respectively. (When k 3 = Q( √ −3), we denote the complex subfield of K by k 1 and the real subfield of K by k 2 .) In general, if L/k i (i = 1, 2, 3) is an unramified abelian extension, then L/Q is a Galois extension. In particular, if L/k i is a cyclic extension with odd degree, then Gal(L/Q) is a dihedral group. Therefore if k (1) i /k i is a cyclic extension, then there exist three intermediate fields of k (1) i /Q which are cubic extensions over Q and these fields are conjugate over Q. We denote one of the three fields by F i if two quadratic subfields have cyclic 3-class groups and the third one has trivial 3-class group. In the case k 3 = Q( √ −3), we choose j (j = 1, 2) for which the discriminant of k j is divisible by 3 and denote the fundamental units of F 1 and F 2 by {ε 0 }, {ε 1 , ε 2 } respectively.
The purpose of this paper is the following. 
Proof of Theorem 1.
When L is a finite extension of an algebraic number field F , we denote the map induced by extension of ideals by λ L/F : Cl F → Cl L . The following lemma exhibits a close relation between Cl K and Cl k i . 
When K is a complex biquadratic extension of Q and p = 3, Lemma 2 implies that if K (1) = K (2) , then the rank of Cl K is less than 3. If K has a cyclic 3-class group, then K (1) = K (2) . Hence we consider the case where Proof. By Lemma 2, the 3-rank of Cl K is 2. By Lemma 1, there are two possibilities: either two quadratic subfields have cyclic 3-class groups and the third one has trivial 3-class group, or one has 3-rank 2 and the 3-class groups of the other two are trivial. In the last case, let k denote the field with 3-rank 2. When k is a complex quadratic field, by Lemma 2, its 3-class field tower does not terminate with k (1) . When k is a real quadratic field, by [11] , its 3-class field tower does not terminate with k (1) . Hence the same holds for K.
By Lemma 3, in the case Cl K ∼ = (3 s , 3 t ), we have the following diagram where
From the following lemma, we see that K i /k 3 (i = 1, 2, 3, 4) are Galois extensions.
Lemma 4 ([8]). Let F be an algebraic number field and L be a quadratic extension of F . Suppose that the class number of F is prime to an odd prime number p and the class number of
denotes the symmetric group of degree 3), there exist three distinct intermediate fields of K i /k 3 which are non-Galois cubic extensions of k 3 . We denote one of the three fields by L i (i = 1, 2, 3, 4). In the case k 3 
In order to prove Proposition 1, we use the method of Callahan [2] . If H is a finite group, we denote by H , Z(H) and |H| the commutator subgroup, the center, and the number of elements of H respectively. If x, y ∈ H and H 1 is a subgroup of H, we set x y = y −1 xy and (
This action is well defined as A i is an abelian normal subgroup of V i . The two automorphisms a → a σ and a → a τ define an action of
Thus we study the structure of A i and (A i ) σ to prove Proposition 1. First we need two lemmas. 
Proof. First we define
and show
Since the class number of k 3 is prime to 3, we have N τ a = 1 and thus
Hence x ∈ Z(U i ). On the other hand, if x = 1, we see that U i is nonabelian.
If H is a finite p-group for a prime p ∈ N and H 1 = {1} is any normal subgroup of H, then Z(H) ∩ H 1 = {1} ([4, Theorem 6.4, p. 31]). Hence if F is an algebraic number field and F (2) = F (1) , then there exists a normal extension F of F such that F is a proper intermediate field of F (2) /F (1) and Gal(F (2) /F ) ⊂ Z(Gal(F (2) /F )). Since F is a normal extension of F which contains F (1) , we also have a normal extension F of F such that F is a proper intermediate field of F /F (1) and Gal(F /F ) ⊂ Z(Gal(F /F )). By repeating this procedure, we can find a normal extension L of F such that |L :
where L is an unramified cyclic cubic extension of F . For σ, τ ∈ G, we denote σ −1 τ −1 στ by [σ, τ ]. In order to prove Theorem 1, we have to show the following lemma. (3 s , 3 t ) , G is generated by two elements σ 1 and σ 2 . Since |G | = 3, we can pick σ 1 , σ 2 so that G = [σ 1 , σ 2 ] . Notice that N is the subgroup of G. Hence index 3 of N is one of the four subgroups σ 1 , σ 3 2 , G , σ 2 , σ 3 1 , G , σ 1 σ 2 , σ 3 2 , G , and σ 1 σ 2 2 , σ 3 2 , G . As G ⊂ Z(G) and |G | = 3, we have
Lemma 7. Let F be an algebraic number field and assume Cl
F ∼ = (3 s , 3 t ). Then F (1) = F (2) if
and only if there is an unramified cyclic cubic extension
L of F with h L = h F /3.
Proof. Suppose that there exists an unramified cyclic cubic extension
, it is easy to see that F (1) = L (1) , and hence h L = h F /3.
We shall consider whether h
, then the following proposition holds.
3). Then the class number of L j is divisible by 3 if and only if there exists
We consider the decomposition of the prime ideals of F j . The ideal of k j lying above 3 is completely decomposed in k where p i (i = 1, 2) are ideals of F j lying above 3. Suppose that h L j = 1. Let L be an unramified cyclic cubic extension over L j . Since Cl k j is cyclic, the class number of F j is prime to 3. Hence L /F j is a normal extension from Lemma 4. Moreover, by Kummer theory,
Furthermore, since the class number of F j is prime to 3, we can put
Hence
2 ). Since 3α 2 1 ∈ P 2 , we have −3α 3 2 √ −3 ∈ P 2 and hence α 2 √ −3 ∈ P 2 . Consequently,
The next result is well known. 
, we see that Cl K is a nontrivial cyclic group or an abelian group of rank 2 from Lemma 2. If Cl K is a nontrivial cyclic group, then Cl k 1 is a nontrivial cyclic group and Cl k 2 is trivial from Lemmas 1 and 8. If Cl K is an abelian group of rank 2, then Cl k 1 and Cl k 2 are nontrivial cyclic groups. In this case h K i = h K /3 for all i = 1, 2, 3, 4. By Propositions 1 and 2, F j has no unit which satisfies the condition of Theorem 1. Conversely, if F j has no such unit, then h L j = 1 and h K j = h K /3 by Proposition 1. By Lemma 7, we have K (1) = K (2) .
Some examples.
From the proof of Proposition 2, we see that
2 ), where p 1 , p 2 are distinct prime ideals of O F j lying above 3 and 3 = p 1 p 2 2 . Let
be the minimal polynomial of ε 2 . Then the minimal polynomial of ε 2 − 1 is
Since ε 2 − 1 ∈ p 2 1 p 3 2 , we see that
Moreover, since
The minimal polynomial of ε 2 + a/3 is is odd , or -a/3 2t ≡ 6, 0 (mod 9), (b/3 3t ) 2 ≡ a/3 2t + 1 (mod 9).
By the above lemma and since 9 | a + 3, 2a + b + 3, we see that
27
(a + 3)
As 81 | a + b, we have
), then 27 | a+3, 2a+b+3 and 3 5 | a+b. Conversely, it is easy to see that if 27 | a + 3, 2a + b + 3 and
By utilizing the above fact, one can find examples of K (1) = K (2) and
An example of K (1) = K (2) . Let F = Q(θ) be a cubic extension over Q with θ 3 − 9mθ 2 − 1 = 0 (m ∈ N − {0}) and let k = Q( −3(4(3m) 3 + 1)). From [7] , we see that kF/k is an unramified cyclic cubic extension. Furthermore by [9] , the root of the equation x 3 − 9mx 2 − 1 = 0 is either a fundamental unit of F or its square. It is clear that θ does not satisfy the condition of Theorem 1 and since (θ 2 ) 3 − 81m 2 (θ 2 ) 2 + 18m(θ 2 ) − 1 = 0, neither does θ 2 . Therefore the following holds.
An example of K (1) = K (2) . Let F = Q(θ) with θ 3 + 3θ + a 3 = 0 where a ∈ N − {0} and let k = Q ( −3(a 6 + 4) ). By [7] , if 3 | a, then F k/k is an unramified cyclic cubic extension. The minimal polynomial of 1 − a 2 − aθ is
Assume that a ≡ 0 (mod 7). The discriminant of x 3 +3x+a 3 is −27(a 6 +4) ≡ 5 ≡ 0 (mod 7). Moreover
Hence p = (θ + 3, 7) (a 3 ≡ 1 (mod 7)) and p = (θ − 3, 7) (a 3 ≡ −1 (mod 7)) are prime ideals of F lying above 7 whose relative degree is 1.
If a ≡ 0 (mod 7), the polynomial 
is not contained in K (1) . This is a contradiction. Hence the 3-rank of the ideal class group of K = Q( −3(a 6 + 4), √ −3) is greater than 2. Consequently, the following holds. A fundamental unit of F 1 is the root of
The root of Then 3 7 −2190 + 3, 3 11 −2190 + 179337 and this root is not the cube of any unit of F 2 . The class number of L 2 is 27 and K (1) = K (2) .
We calculated these results by KASH.
